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THE INTERFACES OF ONE-DIMENSIONAL FLOWS
IN POROUS MEDIA

BY
JUAN L. VAZQUEZ!

ABSTRACT. The solutions of the equation us = (u™)zz forz € R, 0 < t <
T, m > 1, where u(z,0) is a nonnegative Borel measure that vanishes for
z > 0 (and satisfies a growth condition at —oo), exhibit a finite, monotone,
continuous interface z = ¢(t) that bounds to the right the region where u > 0.
We perform a detailed study of ¢: initial behaviour, waiting time, behaviour
as t — oo. For certain initial data the solutions blow up in a finite time T™:
we calculate T* in terms of u(z,0) and describe the behaviour of ¢ as t 1 T*.

Introduction. We consider the initial-value problem for the porous media equa-
tion

(P)

where m > 1 is a physical constant and ug satisfies the assumptions

up = (U™)zg inQr =R x(0,T), 0<T < o0,
u(z,0) = up(z) forz € R,

(H1) ug is a nonnegative Borel measure in R, ug # 0,

(H2) sup R_(m“)/(m“l)/ dup(z) < oo,
R>1 le|<R

(H3) ug vanishes on (0, 00).

The equation appears in a number of applications, the most typical being the flow
of gas through a porous medium, where u stands for the density of the gas. This mo-
tivates the assumption (H1). Assumption (H2) is justified in view of the existence
theory: in fact Bénilan, Crandall and Pierre [9] have constructed continuous weak
solutions to the N-dimensional analogue: (Py) u; = Au™, u(z,0) = up(z), N > 1,
in a maximal strip Q- = RV x(0,T*), 0 < T* = T*(ug) < 0o, under the condition

(HY) sup R~ (N+2/(m-1) / dluo|(z) < o0
R>1 |z|<R

that reduces to (H2) if N = 1, ug > 0. Whenever T* < oo we say that the solution
blows up in a finite time. They also prove that for nonnegative solutions a necessary
and sufficient condition for global existence, i.e. T* = oo, is

(0.1) lim R~(V+2/(m-1) / duo(z) = 0.
|z|<R

R— oo
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Also Aronson and Caffarelli [4] showed that every continuous, nonnegative weak
solutions of uy = Au™ in a strip @, T > 0, has an initial trace u(z,0) which is a
locally bounded measure satisfying the growth condition (H2').

Recently Dahlberg and Kenig [11] proved that the continuous, nonnegative dis-
tributional solutions of (Py) in Qr, T > 0, are unique. For another uniqueness
result cf. [9] and its references. Early work on this subject goes back to Kalashnikov
(14].

In view of these results (H2) is an optimal growth condition for the initial values
of (P).

In this paper we are interested in describing the free-boundaries that appear in
(P): indeed one of the most appealing features of (P) with m > 1 is the fact that
when uo vanishes outside a compact interval then the support of u(-,t), ¢t > 0, is
also compact. This is called the finite propagation property and has been described
by Oleinik, Kalashnikov and Czhou [17] in their 1958 paper where the existence,
uniqueness, regularity and finite propagation for the solutions of (P) were first
discussed at length.

The above considerations lead us to introduce the assumption (H3). We show
that the solutions of (P) under the assumptions (H1)-(H3) vanish for large enough
z > 0 for any fixed time 0 < t < T*. We define the outer right interface (or free
boundary) of u as the curve z = ¢(t), where

¢(t) = sup{z: ulz,t) >0} f0<t<T*

¢(0) =sup{:v: / dug >O}.

(z.00)

(0.2)

Without loss of generality we may assume that ¢(0) = 0.

Under the additional conditions that ug is continuous and has compact support,
many properties of the function ¢t — ¢(t) are known, cf. [1, 6, 16, 18, 20]: ¢(t)
is a continuous, nondecreasing function of ¢, 0 < t < oo, and there exists a time
t*, 0 < t* < 0, called waiting time such that ¢(¢) = ¢(0) if 0 < t < ¢* and
¢ € C(t*,00) and ¢/(t) > 0 for t > t*. Moreover, the following equation is satisfied
at the interface [1, 16]:

(03) g,(t) = _(mum—l/(m - 1))I(§(t),t)7
and the interface shows a certain convexity [6, 20]

. " > m /
(0.4) () 2 — s ()

(here ¢” is understood as a measure). In [20] initial data satisfying uo € L*(R), uo
>0 a.e., and (H3) are considered and the asymptotic behavior of ¢(t) as t — oo is
studied.

This paper studies the interfaces ¢: [0,7*) — [0, 00) that occur when we consider
solutions u of (P) with general initial data, that is, under the sole assumptions (H1),
(H2), (H3). Thus in §1 we show that the above results remain valid for our general
solutions; now 0 <t < oo must be replaced by 0 <t < T*.

The rest of the paper is devoted to the study of the following properties of ¢(t):
behaviour for ¢ = 0, existence of a positive waiting time, existence or nonexistence
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of a blow-up in finite time, behaviour of ¢(t) ast — oo if T* = co or as t — T* if
T* is finite.

The basic technique used throughout the paper is comparison with suitable self-
similar solutions via a Shifting-Comparison Principle (introduced by the author in
20)).

In the next paragraphs we present our main results under some simplifying as-
sumptions that allow for a clearer picture. We assume to begin with that ug €
Li . (R) and let pg = (mug~'/(m — 1)). In the application to the flow of gas
through a porous medium pg is the pressure of the gas at t = 0.

In §2 we estimate the blow-up time 7™ in terms of the growth of ug as r — —oo.
Thus if

(0.5) po(z)/z* - a asz— —00, 0 < a < o0,
we have

1
(0.6) » a

_—  <T"<
2m+1)a =" ~2(m+1)a
(1/0 = o0) for a certain constant u > 0 that depends only on m; cf. Theorem 1 for
the general result.

§3 is devoted to a similar study of the waiting time t*: we obtain a necessary
and sufficient condition on ug for a positive waiting time to exist: t* > 0 if and
only if

z—0

(0.7) limsup|z|_(m+l)/(m‘1)/ dup(§) < oo.
(z,0]

Remark that (0.7) only depends on the behaviour of ug near z = 0. Estimates for
t* are also obtained in Theorem 2.

To study the behaviour of ¢(t) ast — 0 if t* = 0 or as t — oo if T = co we need
suitable examples of solutions with which to compare. They are the self-similar
solutions of (P) with initial data ug(z) = (o + 1)|z|*, 2/(m — 1) > a > —1, that
we study in §4.

By means of our comparison technique we obtain in §5 results about the limit
t]0;ifvo(z) ~|z|* asz — 0, 2> X > —(m — 1), then ¢(t) ~ t7 as t — oo with
v =1/(2—)). A completely analogous result holds for ¢(t) as t — oo if ug(z) ~ |z|*
as £ — —oo. This is done in §6.

Finally in §7 we study the behaviour of ¢(t) as ¢t — T* when T* is finite. In
particular it may happen that ¢(t) exhibits an asymptote; that is, ¢(¢) T oo as
t 1 T*. We also study the blow-up set, i.e. the set of points z € R for which
u(z,t) — oo as t — T*. Both phenomena are described in terms of uo.

An interesting question not dealt with here is the optimal regularity of ¢. As
we said above, ¢(t) is a C! function for 0 < t < T* unless maybe at ¢t = t* when
0 < t* < T*. In [5] Aronson, Caffarelli and Kamin exhibited a class of initial data
for which ¢ is C! even at t = t*; see also [15]. Nevertheless not all the solutions
of (P) have a C! smooth interface: recently Aronson, Caffarelli and the author [6]
have proved that for a class roughly complementary to the one in (5] the solutions
start abruptly after a positive waiting time: ¢’(t*+) > 0. We refer to (6] for further
details.
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1. Preliminaries.
1.1. Emstence and uniqueness of solutions. We recall here the results that we
need from [9]:

THEOREM A. Let ug be a Borel measure satisfying (H2). Then there exists a
mazimal time T* € (0,00 for which a solution u can be defined in (0,T*) such
that:

(i) we C((0,T); L, (R)) N LE.(10,T7); X).

(i) w(z,t)(1 + |z|?)~Y/(m=1 € L (R x (0,T*)).

(iii) For ¥ € C°(R x [0,T*)) we have

/OT‘ / (uthy + u™tgg) dr dt + / ¥(z,0) dug(z) = 0.

Moreover, of T* < oo (in which case we say that the solution blows up in finite
time)
(iv) limtTT-

u(8)[[[1 = c0. O

Here and above X denotes the space of functions f € L{. .(R) such that
(L) 151l = gup R/ [ i7lde < oo
R2r lz|<R

for some (= all) r > 0, equipped with the norm ||| - |||1. [9] contains further infor-
mation on the solutions: uniqueness,.... In particular, it is important to remark
that the solution u with initial data ug > 0 can be obtained as the limit of solutions
u, with smooth, compactly supported initial data. Also P. Sacks proved that u is
continuous in Qr- [19].

For uniqueness and comparison purposes we shall use the following result of
Dahlberg and Kenig [11].

THEOREM B. Let uj(z,t),uz(x,t) be continuous, nonnegative functions in a
strip Qr =R x (0,T), T > 0, such that

(i) w1 and ug are solutions of uy = (u™)g, n D'(Q7);

(ii) the tnitial traces uq(z,0),uz(z,0) (that exist thanks to [4]) satisfy uq(z,0) <
uz(z,0) as measures.

Then uy(z,t) < ug(z,t) n Qr. O

1.2. Properties of the solutions. The following properties are valid for solutions
with smooth initial data in L!(R) and remain valid for general initial data by
approximation.

PROPERTY S1. (i) (u™ 1)z > —(m—1)/m(m+1)t and (ii) u, > —u/(m+1)t
in D'(Qr+).

PROPERTY S2. If uo is a function such that (ul*™!)zz > 0 in D'(R), then
(u(z,t)™ 1)gz >0 in D'(R) for everyt > 0.

PROPERTY S3. Given two solutions u, 4 with initial data ug,lo we have, for
every t > 0 for which both are defined,

(1.2) / (u(e ) — iz, 8)) 4 de < / (duo(z) — dio(z))+,

where (-)+ = max(-,0).
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We remark that Property S3 implies, in particular, the pointwise comparison
result; cf. [3] for Property S1, [1, Lemma 2] for Property S2 and (8, 9] for Property
S3. For the next property we refer to our work [20].

PROPERTY S4 (SHIFTING-COMPARISON LEMMA). Let u,d be solutions of
(P) under conditions (H1)-(H3). If ug,do satisfy

(1.3) / dug(z / dip(z)

for every x € R, then for every t > 0 where both are defined we have

(1.4) /oo u(z,t)dz < /oo @(z,t) dz.

COROLLARY S1. Under the above assumptions, if ¢(t),¢(t) are the interfaces
defined in (0.2) and t > 0 is as above, then

(1.5) s(t) < ().

NOTATION. We shall use the notation ug < g or @9 > up meaning that (1.3)
holds. Conclusion (1.4) is then written as u(-,t) < 4(-, t).

1.3. Some ezxplicit solutions. The following solutions will play an important
role in the sequel as the models with which we compare other solutions. First we
consider the solutions w(z,t; M) of (P) with w(z,0; M) = Mé(x), where M > 0
and 6 is Dirac’s delta function. They are given by

m—1 1:2 )1/('"—1)

. — ¢~ 1/(m+1) — .

(cf. [7]), where C and M are related by
1/2 1\ 2
(L) M = anCm+0/2m=1)  yith o — (ZUMEDN T p [ m 1)
m-—1 m-—1"2

The right interface of w(z,t; M) is given by z = r(t), where

1/2
(18) (t) = (2m(m 4; 1)C> P/ _ o pp(m=1)/(m4 1)1/ (me1)
m —
with ¢ = (2m(m + 1)/(m — 1))Y/(m+1) . B(m/(m — 1),1/2)~(m=1/(m+1),
The solutions w(z, t; M) serve as a model of solutions with L!-data; cf. [20]. For
solutions that blow up in finite time we shall use as model the family z(z,t; T, C)
defined in Q7, T > 0, by

2
. (-t (M1 z
(19) 2(z,,T,C) = (T —t) <2m(m+1) (T-t)?/(m—1)+0>+‘

C can be any real number. If C > 0, z is always positive. If C < 0, z vanishes in
the region |z| < r(T —t) with r defined as in (1.8). In this case we can consider the
restrictions

(1.10) z2_(z,t;T,C) = z(z,t;T,C)H(—xz),

2B(-,-) is Euler’s beta function.
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(1.11) z4(z,t;T,C) = z(z, t; T, C)H(z),

where H(z) =1if2>0, H(z) =0if £ < 0. If C <0, 24, 2_ are solutions of (P)
and, in fact, the right-interface of z_ is the curve z = —r(T —t), 0 <t < T.

We shall write z(z,t;T), z+(z,t;T) instead of 2(z,t;T,0), 21 (z,t; T, 0).

1.4. Properties of the interface. Let u be the solution of (P) under conditions
(H1), (H2), (H3) and let ¢(t) be its interface as in (0.2). We have

PROPERTY I1. ¢(t) is finite and nondecreasing for 0 < t < T*.

PROOF. It is nondecreasing since Property S1(ii) implies that if u(z,t) > 0 and
t > t, then u(z,t) > 0.

To see that it is finite we remark that by Properties (H2), (H3) there exist
constants C1,Cy > 0 such that

oo
(1.12) / duo(z) < e1(|z] + 62)(m+1)/(m—1);
T

hence there exists T; > 0 such that ugp < z_(z — C2,0;T}) and the Shifting-
Comparison Lemma implies that

(1.13) ¢(t)<Cy for0<t<T.

It is clear from Theorem A(iv) that 7* > T;. In case T* > T; we can repeat the
argument above up to any time T' < T* using the fact v € L{2 ({0,T*),X). O

We can now define the waiting time ¢* as in the introduction. We have ¢(t) =0
if0<t<t*and¢(t) >0if t* <t <T*. We shall show in §3 that t* is finite. We
recall that the local velocity of a solution is defined in the set {(z,t): u(z,t) > 0}

by V(z,t) = —(mu™1/(m — 1)); cf. e.g. [1]. If t* < T* we have
PROPERTY 12. ¢ € C![t*,T*) and for 0 <t < T* the limit
(1.14) lim) V(z,t) = V(¢(t),t)

z—¢(t
u(x,t)>0

exists and equals ¢'(t+) of t > 0. Moreover,
(1.15) ¢"(t) + ¢'>0 n D'(t*,T),

m
(m+1)t
therefore ¢/ (t)t™/(m+1) 4s nondecreasing and ¢'(t) > 0 if t > t*.

PROOF. (1.14) was proved in [1] and [16] for solutions with continuous, com-
pactly supported initial data; ¢ € C! is proved in [10] and for (1.15) cf. [10] and
[20]. The essential of the proof remains unchanged using the properties aleady

quoted and the remark that Theorem A(ii) and Property S1(i) imply that, for
every 0 < t < T*, V(z,t) is a locally bounded function of z. O

PROPERTY I3. If ug is a function such that (uf ™)., 2> 0 in D'(R), then ¢(t)
15 a convez function of t, 0 <t < t*.

PROOF. By Property S2, V(z,t) is a nondecreasing function of = for every
t > 0. This means that V(z,t) > V(¢(),t) = k > 0: therefore, if k > 0, the
“constant-velocity front”

_ 1/(m-1)
(1.16) 7 ("’lewc(t (e - g<z>>1+)
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is a solution of (P) in R x (¢,T*) such that ¥ < u. Hence for every t > ¢
(1.17) s(t) 2 ¢() + < (B - 1)
This means that ¢ is convex. We remark that when ¢ = t* we take ¢/(f) to mean
¢(t+). O

2. Blow-up time. In this section we are concerned with the blow-up of the
solutions of (P). We shall ask that ug satisfies (H1), (H2). Since (H3) plays no

significant role it is dropped in this section. As we said before it has been proved
in (9] that the blow-up time T™ of a solution w is finite if and only if the quantity

(2.1) Lo = L(up) = limsup |z|~(m+D/(m=1) pr ()

|| —o00

is positive, where M(z) = [; dug(¢) is the mass of ug contained in the interval
I=(z,0]ifz<0,I=][0,z)if z>0. Lo measures the growth of ug as |z| — oo
and is finite and nonnegative by (H1), (H2).

Here we obtain precise bounds for 7 in terms of Ly. In doing this we first meet
the comparison technique that is used throughout this paper.

We begin by showing that T depends only on the behaviour of ug for very
large |z|: for any a € R we define u!l as the solution of (P) with initial value
ud(z;a) = up(z)-x((—00, a]), i.e. ud(z; a) coincides with ug on (—oo, a] and vanishes
on (a,00). Likewise we define u? for some b € R as the solution of (P) with initial
value u3(z;b) = uo(z) - x([b,00)). Then we have

PROPOSITION 2.1. All the solutions ul, a € R, have the same blow-up time
T;. Likewise the family {u?} has a common blow-up time T5. Finally

(2.2) T*(u) = min(Ty,Ty).

PROOF. By the maximum principle (cf. (1.2)) we have, for every a’ < a, b <V,
(2.3.2) T*(u) < T*(ul) < T*(ud),
(2.3.b) T*(u) < T*(ul) < T*(ud).

)

The fact that T*(ul) = T*(ul,) is a consequence of (1.2) and Theorem A(iv):
(1.2) implies that, for t < T*(ul), ul > ul, and [(ul —u2); dz is bounded by a
constant that does not depend on t. Therefore, |||ul(-,t)|||; is bounded as long as
[||ul (-, t)||]1 is. By virtue of Theorem A(ii), (iv) this implies that T*(ul) = T*(ul,).

The same argument proves that T*(u?) = T*(u? ).

To end the proof we have to show that if T = min(Ty, T3 ), then u is defined for
0 <t < T. For this we take an ¢ > 0 and prove that the supports of ul(-,t) and
u?(-,t) do not meet for 0 < ¢t < T — ¢ if a < 0 and b > 0. Assuming that this is
true we conclude as follows: u(z,t) = ul(z,t) + u2(z,t) is then the solution to (P)
in the domain Qr_, with initial data ug — uo - x((a,b)). From (1.2) we deduce that
u(z,t) is defined in @r_. and that

(2.4) /u(x, t)dz < /E(z,t)dz+/(a’b) dug(z)

forany 0 <t < T —¢e. Now let € — 0 to get T*(u) > T.
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We control finally the supports of u} and u?. Let us begin with ul: by Theorem
A(i) there exists a constant C > 0 (that depends on €) such that, for every a <
0,0<t<T-eandz< -1,

o0
(2.5) / ul(z,t)ds < C|z|(mFTV/(m=1),
T

Now we observe that if we set v,(z,t) = 2_(z — a/2,t; 7) with

(26) ( )m 8mC)-

then (2.5) 1mp11es that ul(z,0) < v,(z,0) for every a < —1 so that Corollary S1 of
§2 implies that ul(z,t) = 0 for every z > a/2 and 0 < t < min(r,T —¢€). Now let N
be the least integer > (T —¢)/7 and set @ = ul, witha’ = —2N. fT—e <7, N =1
and we have proved that %(z,t) vanishes in ( o) x (0,T —¢). f T —¢e>1 we
can repeat the argument at ¢ = 7 with v = 2z_ (z —a/4,t — 7;7) to conclude that
%(z,t) = 01in (a/4,00) X (0,min(27,T —¢)). By induction it follows that @(z,t) =0
forz > —-1and 0<t < T — ¢ in any case.

In the same way we can prove that u?, with & = 2V " and N’ defined similarly
to N vanishes in (—00,1) X (0,7 — €). This completes the proof. O

The preceding result allows us to reduce the study of the blow-up time to solu-
tions satisfying (H1), (H2), (H3). In this case

(2.7) Lo = limsup |x|_(m+1)/(m‘l)/ dug(z).
z——00 (z,00)
The main result of this section is
THEOREM 1. T* is infinite iof and only of Lo = 0. If Lo > 0 we have
(2.8) T /LG~  <T* < Om/L5 7Y,

where

m—-1\" 1 m—1 m 1\™!
— L 9. = c-(m+1) — . -
Tm <m+1> 2m and  bm = 2m(m + 1) B m—1"2

(¢f- (1.9)). In case Ly s actually the limit as * — —o0 or as £ — oo then
(2.9) T = Tn/LT

PROOF. By virtue of Proposition 2.1 we can assume that ug = 0 on (0, 00).
Let € > 0. There exists a constant C = C. > 0 such that

M(z) < (Lo + ¢€)|z|m*TD/(m=1) if z < —C.

Therefore there exists a constant K > 0 such that ug(z) < z_(z — K, 0; T), where
T. = Tyn(Lo +€)!~™. It follows then from Property S4 that T* > T. (and that for
every 0 <t <T,, u(-t) <z_(-— K,t;T;)). Letting ¢ — 0 we obtain the left-hand
inequality of (2.8).

In case Lo is not only a lim sup but the limit as £ — —oo of the expression
in (2.7) we can repeat the argument now to find a K < 0 such that ug(z) >
z_(z— K,0;T_.), where obviously T_ = Ty,(Lo — €)' ~™. It follows that T* < T;
hence, as e — 0, T* < TmLé_'".
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We prove next the second inequality of (2.8): we choose a point Z < —1, move
the mass in [Z,0] at time ¢ = 0 to the point Z and consider the solution u(z,t) =
w(z — T, t; M(Z)) with initial data ug(z) = M(Z)é(z — Z): we have for every z €
R,t>0
(2.10)

u(z,t) = <
There is a sequence Z,, — —oo such that, given € > 0,
M(Zn) > (Lo - 5)iTn|(m+l)/(m_1)

if n is large enough, n > n.. Let us set

— (1 +€)(m+1)/2 .
(2.11) b= i, g

m—1 1/(m~-1) . .
) [C;M(T)%m—1)/(m+l)t2/(m+l) _ x2]+/(m— )

2m(m + 1)t

for all large n > n. we have

(2.12) emM (T, D/ (AN (mAD) > (1 4 )27,
Hence for some C = C,,, > 0 we have, with T = %,, n > n,,
(2.13) 7™ Yz, t) > C|Fn|%et !

if —1 < z < 0. Since by construction we have M (Z,)é6(z — z,,) < ug(z) we conclude
that for every t < T*, u(-,t) < u(-,t) and, in particular,

oo 0
(2.14) / u(z,t)dz > / u(z,t)dz.
-1 -1
In case T* > t. for an ¢ > 0 we can use (2.13) to estimate the right-hand side
of (2.14) and let n — oo to conclude that the integral [ u(z,t.)dz = oo, a
contradiction. Hence T* < t. and letting ¢ — 0 the result follows.
REMARK. (1) The accuracy of estimate (2.8) depends on the ratio

om m+1 m—1 m 1 m-—1
(2.15) Mm = T, <m> ‘B <7_n———i’ 5) .

Um approaches 1 as m | 1. Indeed, p1+. = 1+ O(eloge) as € | 0. On the contrary,
L grows like 2™ as m — 00 - ug = 4.

(2) Both constants T,, and 6,, in (2.8) are sharp since they correspond to explicit
solutions.

3. On the waiting time. In the sequel, u(z,t) is the solution of (P) under
assumptions (H1), (H2), (H3). Without loss of generality we set ¢(0) = 0. We
discuss in this section the existence of a positive waiting time and give estimates
for it in terms of ug.

In [2] Aronson constructed an example of a solution with smooth initial data
having a positive waiting time that he explicitly computed. To be specific if
ug~Y(z) = cos?z for —1/2 < z < /2, ul""!(z) = 0 otherwise, he proved that
t* = (m — 1)/2m(m + 1) and at that time the second derivative (u§'~*(z,t))zz
blows up at z = £ /2. Knerr discussed in [16] (under the simplifying assumptions
that ug is continuous, positive in a bounded interval (a,b), a < b, and zero outside)
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the waiting time ¢* in terms of the behaviour of po(z) = mu{*~*/(m — 1) near the
endpoint b: thus if po(z) < c(b — z)? for some C > 0 and all = near b then t* > 0;
on the contrary if po(z) > C(b— )™ with C, z as before and o < 2 then t* = 0.

In [5] Aronson, Caffarelli and Kamin prove the following result (adapted to our
notation).

THEOREM C. Let u be a solution of (P), let p=mu™!/(m —1), and assume
that up € L}, (R) and that po(z) = p(z,0) = 0 for £ > 0. If poz = az? + o(z?) as
z 10 and po(z) < Bz? in R~ for some constants o, 3 > 0, then

(3.1) 1/2(m+1)8 < t* <1/2(m + 1)
COROLLARY A. Under the above hypotheses, if o = (3, then
(3.2) t*=1/2(m+ 1)a.

In this section we give a necessary and sufficient condition for the existence of
a positive waiting time as well as an estimate of ¢* in terms of M(z). Notice that
under hypothesis (H3), M(z) =0 if z > 0 and

(3.3) M(z) = /( , du@) itz <0

THEOREM 2. (I) t* s positive if and only if

(3:4) lim sup M (z)|z|~(m+D/(m=1) < o0,
z—0

(I1) More precisely if B = sup, o M (z)|z|~(m+1/(m=1) < o0 then
(3.5) Trm/B™ ! <t* < 6,,/B™,

where Ty, 0., are the same constants as i Theorem 1.
(I) If A = liminf,1o M(z)|z|~(m+V/(m=1) 45 positive, then

(3.6) t* < Tp/A™ L.

COROLLARY 3.1. If ug is such that the supremum of M(z)|z|~(1+™)/™ s ob-
tained as the limit when z 1 0, then

(3.7) £ = T,,/B™ 1.
REMARKS. (1) Since for po(z) = bx? we have

m—-1\Y™Y
(3.8) M(z) = <—> Tl p/(m=1)|g|(mt1)/(m=1)
m m

under the hypothesis po(z) < Bz? the left-hand inequality of (3.5) gives precisely
(2(m + 1)8)~! < t*. Also Corollary A is implied by Corollary 3.1, the conditions
being in our case far less restrictive.

(2) For the accuracy of (3.5) see Remark (1) at the end of §2.

PROOF OF THEOREM 2. (II) Assume that B < co. We compare u(z,t) with
u(z,t) = 2(z,t;7). It is immediate that ug < %o if 7 < T}, B1~™. Therefore we
conclude from Theorem 1 that T* > 7 and from the Shifting-Comparison Theorem
that for 0 <t <7, ¢(t) <$(¢t) = 0; hence t* > 7. This proves (3.5), left.
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For the upper bound in (3.5) we compare u(z,t) with the solution %(z,t) =
w(z — T, t; M(T)) for an T < 0. Since it is clear that 4y < ug we have ¢(t) < ¢(t)
for every 0 < t < T*. But since

(3.9) &(t) = T + cm M (F) M1/ (mt1)41/(m+1),

we conclude that ¢(t) > 0 if t > ey ™V |Z/m+1M(z)~(m~1). This being true for
every T < 0 we can take the infimum of the expression in the right-hand side and
obtain thus the desired inequality.

(I) Since, because of assumption (H2), B is finite if and only if

lim sup M (z)|z|~(m+1)/(m-1)
z—0

is finite, (3.4) follows from (3.5).
(III) We first recall that any solution @(z,t), with initial pressure po(z) = ax? +
o(z?) and such that po(z) < az?, has a waiting time given by (3.2) (Corollary A).
Now for every € > 0 the solution % such that po(z) = az? if z. < £ < 0 and
Po(z) = 0 otherwise, satisfies 4y < ug if

m-1\"Y" 1
. —e)> (== L gt (mm1)
(3.10) (4 8)_<m+1> m+1 «

and z. is small enough. Therefore t* < t* = (2(m + 1)a)™! = T,,(4 — e)1=™.
Letting ¢ — 0 we get (3.6). O

We end the section by applying our results to a family of solutions already
discussed in [5]:

EXAMPLE. We let m = 2 and consider the solutions u(z,t;0) with initial data

(3.11)

1 _ .2 . 4 . _
uo(z) = {3[(1 6)sin” z + fsin” z| :)ft}a;ef“gisér,O],

with 0 < 8 < 1. Notice that since m = 2, po(z) = 2up(z).

(1) We estimate the waiting time when § = 1. In this case the results of [5] imply
that 0.3174 < t*. We obtain more accurate estimates using Theorem 2: since the
maximum of M (z)|z|~3 for —oo < = < 0 is attained at the point = = 1.449951 with
a value B = 0.0769886 it follows from (3.5) that

(3.12) 0.3608 < t* < 1.4432.
(2) Now we study the range of 6’s for which formula (3.2), i.e. in this case
(3.13) t"=1/6(1-0),

is valid. Since we have M (z)z~3 = (1/6)(1 — ) + (1/30)(40 — 1)z + O(z*), for
z ~ 0, if we let 6 = sup{f € [0,1]: (3.13) holds} we have the lower estimate § > 0.25
as in [5]. But the upper estimate in (3.5) allows us to conclude that for 6 near 1,
(3.13) does not hold. Indeed this happens for every 6 > 0.88.... Therefore

(3.14) 0.25 <0 <0.88....

4. More self-similar solutions. To give exact rates of growth of the interface
ast T oo ort ~ 0 we need a suitable family of models that we construct in this
section.
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For every a, —1 < a < 2/(m — 1), we let wq(z,t) be the solution of (P) with
initial condition

_J (a+ Dz ifz <0,
(4.1) Wa(2,0) = { 0 if 7 > 0.
Since the map u — Tu defined by
(4.2) Tu(z,t) = ku(Lz,Tt),

where k,L,T are given positive constants, transforms solutions of uy = (u™)zz
into new solutions if k™~!L% = T and since Twq(z,0) = wqs(z,0) if kL* = 1 we
conclude from the uniqueness of the solutions of (P) that for every L > 0 we have

(4.3) Wo(2,t) = L™ %wq(Lz; L2~ (M~ 1)

for every £ € R t > 0. In particular, if we fix ¢t > 0 and then choose L such that
L2~a(m=1)t — 1 we deduce that w, can be represented in the form

(4.4) Wo(z,t) =t*7 fo(zt™7) in Q@ =R X (0,00),

with v = (2 — a(m — 1))~! > 0. Therefore wy, is a self-similar solution.
It is easy to see that fo(§) = wqa(é,1) is a nonnegative solution of the second-
order differential equation

(4.5) (f™)"(€) = anf(§) =~¢f(€)  ('=d/d¢)

on the whole line ¢ € R, such that f(¢£) = o(£*) as £ — oo and f(&)|¢]7* — (a+1)
as £ — —oo. The fact that there exists a unique solution of (4.5) with such
behaviour as |£] — oo follows from the existence and uniqueness of solutions of

(P).
By Property 1.1 the free boundary ¢, of w, is finite. If we let
(4.6) No = Sa(1),

then 0 < 1 < 00 and ¢4 (t) = Nat?. N depends only on a and m; in fact, remarking
that M,(z) = |z|*t! < (|z| + 1)(m+1)/(m=1) gives, by means of the comparison
argument,

PROPERTY I.1.
(4.7) Na < T;77.

REMARKS. (1) Barenblatt [7] considered solutions of the form t° f(zt~7) to
solve the problem

up = (U™)zy fz>0,¢t>0,
(4.8) u(z,0) =0 ifz>0,
u(0,t) = ot® ift>0.

This leads to the study of equation (4.5) with v = }[1+§(m—1)] and side conditions

f(0) = 0 and f(o0) = 0. He considered the case m > 1, § >0, o > 0.
A detailed study of the problem

(19) { (f™)"(€) +1Ef/(€) = 85(€) for €>0,
’ f(0)=U >0, f(& bounded as £ — oo
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with m > 1 and independent parameters v,6 € R is made by Gilding and Peletier
in [12, 13] (where references to related works can be found). In case U > 0 they
prove that there exists a solution of (4.9) with compact support if 4 > 0 and
27+ 6 > 0 and this solution is unique. In the particular case of (4.5), where a,~, 6
are related as above, the conditions mean o > —2. In this way we recover the
solutions we(z,t) restricted to the quadrant {z > 0, ¢t > 0}. Bounded positive
solutions of (4.9) can be obtained under our conditions for —2 < a < 0. Since the
equation (4.5) is invariant under the transformation n — —n we can recover the
left part, (z <0, t > 0), of wy(z,t) if @ <O0.

But once we have the general existence and uniqueness theory for (P) our ap-
proach gives a very simple proof of the existence and properties of w,(z,t) that
relies on the use of the scaling-invariance of the equation.

(2) When a = (m — 1)}, « = 1, we obtain the explicit solution

1/(m-1)
(4.10) w(z,t) = [m Leet - z)+]
with a suitable ¢ > 0. This is called a constant-velocity front since ¢(t) = ct and
—(mw™~1/(m — 1)), = c whenever w > 0.

(3) For o > (m —1)~! the initial pressure is a convex function: (wq(z,0)™ 1)z,
> 0 a.e. Therefore the same holds for every ¢ > 0, i.e. f™~! is convex and the free
boundary 74(t) is convex.

(4) The limit case a = —1 is represented by the solutions with finite mass, i.e.
we define
(4.11) w-1(z,t) = w(z,t;1) as in definition (1.6)
and then
(4.12) N-1=Cm asin (1.8).

Using again the transformation T we see that for ¢ > 0 the functions
(4.13) Wa,o(z,t) = 2Nt f(cm=DIgt—)

are solutions of (P) with inital data wq c(z,0) = cwq(z,0). Their interface is given
by = = 7q,c(t), where

(4.14) ﬂa,c(t) = na(cm—lt)’y'
Clearly (4.14) holds also for a = —1.

5. Behaviour for small t. We begin this section by showing that the behaviour
of ¢(t) as t — 0 depends only on the behaviour of M(z) as z — 0.

LEMMA 5.1. Letu;(z,t),uz2(z,t) be two solutions of (P) with initial data ul(z),
ud(z), mass functions My (z), M2(z) and interfaces ¢1(t), c2(t) respectively. If

o Ma(2)
z—0 M, (IE)

then for every € > 0 there exists 7 > 0 such that of, 0 <t <7,
(5.2) a(lc+e)™ ') > et) > allc —e)™ ).

(5.1)

=c, 0<c<oo,
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PROOF. For every § > 0 there exists z5s > 0 such that Ma(z) < (¢ + §) M (z)
if z5 < £ < 0. Now we use the transformation T (cf. §4) on the solution @z with
initial data

0 .
o,y _ Juz(z) ifzs <z <O,
(5.3) iz (z) = {O otherwise.

We put k = L = (1+6) so that T = (1 + §)™*! and define 4* = Ty, 4y = Tu3.
The support of 4 is contained in the interval [z}, 0], where z} = z5(1+6)~! > z5.
Also M*(z) > My(z) for every z, i.e. i} > 3.

We now consider the solution U(z,t) with initial condition

up(z) if z < zs,
(5.4) Uo(z) = ¢ ug(z) ifzy <z <O,
0 otherwise.

It is clear that Up > u3; hence their interfaces Z(t), ¢2(t) satisfy Z(t) > ¢2(t) in
their common interval of definition. But since Ug(z) = 0 in the interval [z, z}] for
a certain time 7 > 0, U(z,t) coincides with @*(z,t) if £ > z5 and 0 < t < 7; hence
Z(t) = ¢*(t).

To prove the first inequality of (5.2) we have yet to compare ¢ and ¢;. For this
we use again T, now with k = (¢c+6)(1+6), L = 1+6 and T = (c+6)™}(1+6)™+1.
_ We obtain a solution 4; = Tu; such that

(5.5) Mi(z) = (c+ )My ((1+ 6)z) > Ma((1 + 6)z) > M*(z),

ie. 49 > @*, therefore ¢;(t) > &*(t) = Z(t) > ¢2(t) if 0 <t < 7. Choosing 6§ > 0
such that (14 6)™*(c +6)™~! < (c + €)™, this implies the desired inequality
since ¢1(t) = L~ ¢ (Tt).
The second inequality can be obtained by reversing the roles of u; and ug. O
The solutions wq,. constructed in §4 are used to give precise growth rates for
¢(t) when t is small:

THEOREM 3. Let, for some 8, 0< < (m+1)/(m—1),
(5.6) limsup M (z)|z|# = ¢
z,/0

with0 <c¢<o00. Thenast—0
(5.7) ™D < limsup ¢(£)t ™ < o™,

where o = B — 1, v = (2 — a(m — 1)) 71,0, (defined in (4.6)) and v > 0 depend
only on B and m.
If ¢ is the limit of M (z)|z|™# as z 10, then

(5.8) tlin(l) ()™ = nacm—1,

PROOF. The right-hand inequality of (5.7) and (5.8) follows from Lemma 5.1
and formula (4.14) for the interfaces of wq, ..

To prove the left-hand side of (5.7) we cbserve that there exists a sequence
£, — 0 such that M(z,)|z,|"? — ¢ as n — co. We may assume that ¢ > 0; if not
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there is nothing to prove. We consider the solutions @, (z,t) = w(z — zn,t; M(z,))-
It is clear that for every n, ug > U, (z,0). Therefore we have
(5.9) §(8) > n_1 M (g (D mA DG A D) g .

Now if we take a small ¢, 0 < € < ¢, we have M(z,,) > (c — €)|z,|? for all large
n > n.. We remark now that the function

(510) g(y):AyM—% 0<y<oo, 0<pu<l,
takes on a maximum value at y, = (Ap)Y/(~#):

1-—
(5.11) 9(yu) = T“yu-

Applying this result to (5.9) with A = n_;(c — g)(m~V/(m+1)31/(m+1) apd 4 =
B(m —1)/(m + 1) and setting y,, = =, we find that there exists a sequence {t, c}n
such that t,, . — 0 as n — oo and

(5.12) ¢(tne) 2 M(c — €)™ tne)7,

where A = (B(m — 1)n_1/(m+1))¥m+D. (y3(m+1))~!. Letting ¢ — 0 we obtain
the left-hand side of (5.7). O

REMARKS. (1) The first results on ¢(t) for small ¢ seem to be those of [16] where
it is proved that ¢(t) = O(t'/?) if ug € L*(R).

The case ug € L!(R) is studied in [20]: it is proved that

S.(t) < n_l(Mm—lt)l/(me),

where M = ||ug||;, and also that ¢(t)t~*/(™+1) — 0 as t — 0. The assumptions
up € LP(R), 1 < p < 00, are also discussed.

(2) If we let 3> 2in (5.6) and ¢ < oo, then t, > 0; cf. §3. If 3 < 2 and ¢ > 0,
then t, = 0.

(3) If B =0, the limit of M(z) as z 1 0 always exists and (5.8) applies.

6. Behaviour as t — co. In this section we assume that u is a global solution,
i.e. T* = 0o, and study the behaviour of ¢(t) for large t. The results parallel those
of §5 but now the values of M(z) as £ — oo are the only ones that matter:

LEMMA 6.1. Let uy,uz be two global solutions of (P) with initial data u?,u3,
mass functions My, My, and interfaces ¢1,¢x respectively. If

M;(z)

(6.1) 1_1}11100 Mi(z) =c, 0<c<oo,
then for every € > 0 there exists C. > 0 such that
(6.2) Glle+e)™ 1) +Ce 2 2(t) 2 a1((c — €)™ 't) - Ce.

PROOF. For every ¢ > 0, there exists z. such that, for z < . < 0, Ma(z) <
(c + €)My (z) = My(z), where M, is the mass of %; = Tu; and the constants in
the transformation are k = ¢ +¢, L = 1,T = (¢ + &)™~ !. Therefore we have, for
every r,

(6.3) Msy(z) < My(z + z¢).



732 J. L. VAZQUEZ

It follows that
(6.4) (t) < &(t) + |zel = c1((c + €)™ ') + |zc.

Putting C. = |z.| we obtain the first inequality. The second is similar. O

REMARKS. (1) As in preceding sections Knerr [16] obtained the first results:
Under simplifying assumptions on the initial data (cf. §3) he proved that ¢(t) =
O(t'/(m+1)). In [20] very precise results are obtained when uo € L'(R) (and
satisfies (H1), (H3)): it is proved that

6) (B e MDD = g,

Sy dpym/(mE1) _,  Cm o e(m—1)/(m+1)

(ili) ¢(t) — MM V/(mt D1/ (m41) | g — pr—1 /:cuo(:c) dz.

(6.5)

Zg, the center of mass, can be finite or —oco. Notice that (6.5) implies that, for
every solution, ¢(t) grows at least like ¢1/(m+1),

Using the solutions wg c in combination with Lemma 6.1 we obtain the following
growth rates:

THEOREM 4. Let, for some 3, 0< < (m+1)/(m—1),
(6.6) limsup M (z)|z|# = ¢

I——00
with 0 < ¢ < 0o. Then ast — oo
(6.7) A=Y < limsup¢(8)¢ 7 < nact™ D7,

where a,v, A and no are as in Theorem 3. If, moreover, c is the limit of M(z)|z|~#
as T — —oo, then

(6.8) lim ¢(¢)t™7 = nacl™~ V7,
t—oo

PROOF. It is completely similar to that of Theorem 3, only changing throughout
t10,z7T0intot — oo, £ — —00.

REMARKS. (2) If we allow 8 = 2 in (6.6) then if ¢ > 0 there is a blow-up in
finite time. In case 8 > 2, ¢ > 0, no solution of (P) exists. If 3 = 0 the limit of
M(z) as £ — —oo always exists, finite or infinite.

(3) The case ug € LP(R), 1 < p < 00, is treated in [20]. Notice that ug € LP(R)
implies M (z) = O(|z|®) with 8= (p—1)/pif p< o0, B=1if p = co.

7. Approaching a blow-up. In this section we assume that the blow-up time
T* is finite, i.e. that M (z)|z|~(™+1)/(m=1) does not tend to 0 as z goes to —oco. We
begin by describing the different possible behaviours of the interface ¢(t) as t T T*.
Let

* __1: * __ 13 /
(7.1) I* = tlTqu‘ ¢(t), v* = tlijn‘l. ¢'(t)-
Both limits exist, either finite or infinite. The four cases that may occur are:

(I)1*=0,1e t*=T* and ¢(t) =0 for 0 <t < T*. Ezample: z_(z,t;T*).

(I 0 < I* <00, 0 < v* < o00.

(II) 0 < I* < 00, v* = 00. Ezample: z_(z,t;T*,C) with C < 0.
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(IV) I* = 00, v* = 00.

Remark that because of (1.15) {* > 0 implies v* > 0 and [* = oo implies v* = o0.

An example of type (II) is easily constructed as follows: let u be the solution
with initial data

(7.2) uo(z) = 2-(z + 1,0, T) + Mé(z),

where M,T > 0. If M and T are small enough, u equals exactly z_(z + 1,¢;T) +
w(z,t; M) in Qr, has blow-up time T and ¢(t) = rp(t) for 0 <t < T.

On the other hand it follows from Theorems 1 and 2 that (I) happens when the
limit of M (z)|z|~(m+1)/(m=1) exists as + — —oo and equals B.

Examples of type (IV) will follow from Proposition 7.1.

We introduce now a useful concept, that of blow-up set ¥ = L(u):

(7.3) E={z€R: u(z,t) >ocast— T}

Note that the limit of u(z,t) ast T T* exists for every € R since u; > —u/(m+1)t,
i.e. u(z,t)t'/(m+1) is nondecreasing in t, in Qr-. The following holds:

PROPOSITION 7.1. ¥ s an interval beginning at —oo.

PROOF. Let Z be a point not belonging to ¥. For simplicity we take T = 0.
Since limu(0,t) < oo as t T T* there exists C > 0 such that u(0,t) < C for
T*/2 <t < T*. We want to prove that no z > 0 belongs to . This is obvious if
l. = 0; hence in the sequel we assume that ¢(t) >0 for t > T* —¢ > T*/2.

Consider for T* — ¢ < t < T* the function p(z) = mu™ 1(z,t)/(m - 1), p
is a continuous nonnegative function on the interval (0,¢(t)) such that p(0) <
C, p(¢(t)) = 0 and p,; > —K, where K = ((m + 1)T*/2)~1. Now we take the
parabola p(z) = a— (K/2)(z— (3)? that passes through (0, C) and (¢(t),0), i.e. with

K¢ C 2 ¢ C
(74) a=?(§+K—g> y ﬁ=§——},{—§.
It is easy to see that p(z) < p(z) in (0, ¢(t)); hence, in particular,
(7.5) ¢'(t) = —pa(s(t) < B (s(t) = (K¢(t)/2+ Co(t) ™).

Integrating (7.5) from T* — ¢ we conclude that ¢(t),¢'(t) remain finite as ¢ T T*.
Since the maximum of p(z,t) in z in [0,¢(t)] is less than ¢, and « is bounded for
t — T* we conclude that for every z >0,z ¢ £. O

We set b* = supX. It is clear that —oo < b* < [*. Moreover, from the above
proof follows

COROLLARY 7.1. If b* s finite, then I* is finite. If also I* > b*, then v* is
finate.

When uy is nicely behaved at —oo there is a simple formula for b*. Indeed if we
assume that the limits

(H2") lim M(z)|z|~(m+D/(m=1) — [, 0< Ly < oo,

and

(m=1)/(m+1)
(H4) lim ((ML(z)> + x) =c, —o00 < ¢ < 400,
T—— 0
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exist, then we have
PROPOSITION 7.2. b* =c.

PROOF. (i) b* < ¢. Assume that ¢ < co. We shall prove that for every ¢/ >
¢, b* < ¢'. In fact, there exists C; > 0 such that M(z) < Lo(—z + ¢/)(m~1/(m+1)
for every z < —C. This means that by virtue of Property S3,

(e o}

(76) / (w(z,t) — 2_(z — ¢/, ;T*))4 dz < N’ < oo
— 00

for every 0 < t < T*, where N’ does not depend on ¢t. Now since z_(z—c',t; T*) =0

for £ > ¢’ we deduce that

(7.7 / u(z,t)dz < N/, 0<t<T.

This implies that ¢/ > b* because of the following lemma. Hence b* < c.

LEMMA 7.1. For every g < b* and every € > 0 we have

(7.8) lim u(z,t) dz = oo.
t—T* lz—zo|<e
PROOF. Since (u™~!),, > —K (see proof of Proposition 7.1) we have, for every
z,70 € R, u(z,t) > u(zo,t) — (K/2)(z — z0)? either for z > z¢ or for z < =o.
Hence

(7.9 v/lit—I0|<€ u(z,t)dr > <u(:c0, t) — §€2> €.

As u(zg,t) 1 co as t T T* the result follows. O
(ii) b* > c. Arguing as above if ¢ > —oo, for every ¢” < c there exists N > 0
such that

oo
(7.10) / (2—(z = ", ;T*) — u(z,t))+ dz < N < co.

—o0
Now if b* < ¢” this implies, arguing as in Proposition 7.1, that u(z,t) is bounded
above in (¢, c") x (T*/2,T*) for any ¢ € (B*,c"). However, Lemma 7.1 applied
to z_ implies that as t — T~

”

c
(7.11) / z_(z - ", t; T*)dz — oo,
bt

- contradicting (7.10). Therefore b* > ¢”, hence b* > ¢. O

Under the above assumptions the type (IV) corresponds precisely to ¢ = +o0o0.
If ¢ < 0 we have an interface of type (I) or (II): remark that in this case we can
replace the lim in condition (H4) by lim sup (and the same proof implies that
b* < ¢ < 0=10*). We remark finally that when ¢ = —o0 the blow-up set ¥ is void:
in this case the sequence

(7.12) Sp = supl|z|_(’"+1)/("‘_l)/u(m,tn)d:z
< —

must diverge as t,, — T* but the sup is taken at points z, — —oo.
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It would seem that the blow-up merely concern the set ¥. However, the next
result points out a global aspect:

Consider a solution u with initial data ug that blows up at time T' > 0. Let
{uon} be an increasing sequence of measures that converge to ug and let {uy}
be the corresponding solutions. Let ¢, ¢, be their respective free boundaries. We
choose ug,, so that u, exists for all time 0 < t. We have

PROPOSITION 7.3. (i) For every (z,t) € Qr, un(z,t) T u(x,t).
(ii) For every 0 <t < T, ¢.(t) 1 ¢(2).

(iii) For everyt > T, ¢p(t) 1 00 and ¢, (t) 1 oo.

(iv) For everyz € R and t > T, uy,(z,t) 1 00.

PROOF. (i) It is clear from the maximum principle that for every n, u, <
Unt+1 < u whenever they are defined. Theorem E and Proposition 1.6 of [9]
prove that the sequences {u}, {(u),} and {(u);} are uniformly bounded in
L% (R x (0,T). Hence {ul'} converges uniformly on compacts to a continuous so-
lution @ of uy = (u™)z, in Qr. Its initial trace (that exists by [4]) Up necessarily
satisfies ug, < Ug. Moreover, T < u. It follows from Theorem B that u = w.

(i1) Since, obviously, ¢, (t) < ¢,+1(t) < ¢(t) whenever they are defined, we have to
prove that, for t < T, limy, ¢, (t) = o(t) > ¢(¢). In fact, if o(to) = ¢(to) — ¢, for some
to < T and € > 0, this can only happen at a point where ¢ already moves: ¢'(to) =
k > 0. Using the fact that ¢/(to) = —pz(¢(to);to), where p = (m/(m — 1))u™" 1,
we conclude that u(z,tg) > 0 for z near ¢(tp). Since un(z,t9) = 0 for every
T > ¢n(to) < o(to) we arrive at a contradiction with (i).

(ili) This is the first interesting point. We know (Theorem A(iv)) that |||u(-, t)|||1
— o0 ast — T. Since u, T u it follows that for every n there exist an integer 7,
and a point (z,,t,) € Qr such that

oo
(7.13) / s, (T, tn) dz > (n|z,|) D/ (M=D 0 LTz, < -1
Tn

We consider now the solution %y, (z,t) = (T — Tn,t — ty;n|z,|(MTD/(m=1),
defined for t > t,,. By Corollary S1 we have, since u;, > %y, at time t,,

(7.14) Gin () 2 em(nlza])(t — )V (™HY — g it > ¢,

Now fix t =T + 7 > T and let n — oo in (7.14) to obtain ¢, (¢) 1 co.

From (1.15) it follows that, for every t > 0, ¢, (t)t > (m + 1)(¢n(t) — ¢2(0)).
Hence if t > T and n — oo, ¢, (t) — oco.

(iv) Let pn(z,t) = (m/(m—1))u™ 1. Since p, > 0, (pn)zz > —((m+1)t)~! and
(Pn)z(¢n(t),t) = —¢h(¢) it follows from (iii) that, for t > T, limup (¢, (t) — 1,t) = 00
as n — oo. The conclusion u,(z,t) T 0 for every z > 0 follows from the fact
that u, is nondecreasing in x for x > 0, t > 0. A proof of this property using
Caffarelli’s Reflection Principle is as follows: If we compare the functions uy,(z,t)
and Up(z,t) = un(2a — z,t) in a domain D = (a,00) X (0, 00) with a > 0, it follows
from the maximum principle that u, < u,. Now, given 0 < z; < x5 and t > 0,
take a = 1/2(z; + z2) to conclude that u,(z1,t) > up(z2,t).

To prove that u,(z,t) 1 0 even for £ < 0 we consider the solutions %, with
initial data 4o, = uon - x(—00,a) with a < 0. They approximate the solution
@ with 49 = ug - x(—00,a). Since T =T we apply the above to conclude that
Un(z,t) T oo for every z > a, t > T. But 4y, < uy,.



736 J. L. VAZQUEZ

8. Other interfaces. If u is a solution of (P) under conditions (H1)-(H3) and
ug(z) = 0 for = < a, then an outer left-interface appears:

(8.1) Sett (t) = inf{z: u(z,t) > 0}, t>0.

The properties of qef; are completely similar to those of ¢(t). Since ug € L!(R),
the asymptotic behaviour as t — oo is covered in [20].

Also an inner free boundary I';, may appear: it is the part of the boundary I" of
Q= {(z,t); € R, 0 <t <T* and u(z,t) > 0} in Q% not contained in z = ¢(t)
or T = Qeft(t). As explained in [20] it consists of an at most countable number of
locally Lipschitz arcs beginning at t = 0. Cf. [20] for other details.
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